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ABSTRACT

Sharp lower estimates for the Jung constant J(E) in Banach lattices F
satisfying an upper p-estimate and a lower g-estimate are given. More-
over, the minimal value of J(E) with respect to equivalent renormings of
E is calculated in E = Ly, 4 for finite p and ¢, as well as in more general
spaces E. Finally, a nontrivial estimate for the radius rr,  (A) is ob-
tained for A being a bounded sequence of disjointly supported functions
in Ly oco-

Given a bounded set A in a Banach space FE, let

de(A) = sup |z —yll, re(A)= inf supllz -y
z,y€A YEE gcg
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denote the diameter and the radius, respectively, of A in E. The number
J(E) =sup{2rg(A): A C E, dg(A) <1}

is called the Jung constant of E. (In the Russian literature, e.g. [19, 23], the
number 1J(E) is called Jung constant.) The study of this and related constants
was initiated by Jung [12] almost 100 years ago and is still of interest in various
fields of Banach space geometry and fixed point theory.

It is clear that 1 < J(F) < 2 for any space E. Moreover, J(E) = 1 if and only
if E is a so-called Pj-space [6]; in particular, J(Ly) = J(loo) = 1.

By classical results [4],

2n
n+1
The constant J(IT') was found for some n in [7]. A lower estimate for J(L,) was
obtained in [1]. Moreover, it was proved in [2, 19] that

J(l7) =

J(Lp) =J(lp) = max {2/7,21/7'} (1< p < o).

(Here and throughout in the sequel we write p' = p/(p— 1) for 1 < p < 00
and 1’ = oco.) Finally, some estimates for the Jung constant for spaces with a
symmetric basis were found in [10], and for Orlicz spaces in [22]. The survey [18]
is dedicated to some geometric characteristics related to the Jung constant, while
the recent survey [8] discusses interesting connections with fixed point theory for
nonexpansive maps.

As a matter of fact, computing the exact value of the Jung constant in a
specific Banach space is a highly nontrivial problem. Some results about Jung
constants in rearrangement invariant spaces (see below) were announced in [11]
and proved in {23]. In this paper we give sharp lower estimates for the Jung
constant in the class of Banach lattices satisfying an upper p-estimate and a
lower g-estimate for some p,q € [1,00) (Theorem 1 and Corollary 1). Moreover,
we compute the minimal value of J(L, 4) with respect to equivalent renormings
of L,, in case ¢ < oo (Theorem 2), as well as in some more general spaces
(Theorem 3). Explicit formulas or estimates for this minimal value are given for
general reflexive spaces (Corollary 2), for so-called r-convexifications (Corollary
3), for reflexive Orlicz spaces (Corollary 4), and for nontrivial intersections of
Lebesgue spaces (Corollary 5). The calculation of the Jung constant J(Lp o) is
an open problem. However, we obtain a nontrivial estimate for 1, (A) if A is
a bounded sequence of disjointly supported functions in Ly o, (Theorem 4). This
statement was announced without proof in [11].
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Let us present the necessary definitions. Given 1 < p < oo, we say that a
Banach lattice F satisfies an upper p-estimate if there exists a constant C > 0
such that, for every integer n and every choice of disjointly supported elements
Z1,Z%2,...,Zn in E, we have

n n 1/p
in <C (Z ”931'||p> ;
i=1 i=1

with obvious modifications for p = co. Likewise, a lower g-estimate (1 < ¢ <

n n l/q
> ZC(zuxiu«)
i=1 =1

for some constant ¢ > 0. A Banach lattice E is called p-convex if there exists

(1)

00) has the form

(2)

a constant C > 0 such that, for every integer n and every choice of elements
Z1,Z2,...,%, in E, we have

n 1/p n 1/p
) (Z |wz-|"> <c (Z uwin") -
=1 i=1

Similarly, we call E g-concave (1 < ¢ < o) if

n 1/q n 1/q
(4) (Z Imil") 2c (Z Iimill") :

for some constant ¢ > 0.

Given a pair of Banach function spaces (E, F) over the same domain, the
Calderén construction [E,Flg (0 < 6 < 1) is, by definition, the set of all
measurable functions for which the expression

l=(®)}

z = inf SUD 1 N T8 ({11 [0
|l=lliz,F1q ullz e <1 P [u(®)[T v (t)]

is finite.

Recall that a Banach space E of measurable functions on [0,1] with the
Lebesgue measure is called rearrangement invariant (r.i.) or symmetric if
z* < y*, y € E implies z € E and {z|| < |ly||; here £* denotes the decreas-
ing rearrangement of |z|. Following [15] we shall assume throughout that E is
separable or isometric to a conjugate space.
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If two r.i. spaces coincide as sets, then their norms are equivalent. It is evi-
dent that the Jung constant is not stable with respect to equivalent renormings.
Therefore it seems interesting to consider the characteristic

Jo(E) = inf J(E),

where the infimum is taken over all equivalent r.i. norms on E. In [23] it was
proved that Jo(L,) = J(L,) for every p € (1, 00).

The following two examples which both generalize the Lebesgue space L, will
be useful in what follows. Given 1 < p < 0o and 1 < g < 00, the Lorentz space
L, , consists of all measurable functions for which the expression

1 1/q
dt
g/[w*(t)t””]"—— for g<oo
lolly, =4 \P :
sup z*(t)t!/P for g=o00

0<t<1

is finite. This expression is a norm if ¢ < p, and a quasinorm if ¢ > p. In the
second case, ||z||p,q is equivalent to a norm. Of course, L, is isomorphic to Ly,
since the map x ++ z* is an Ly-isometry.

The other example is the Orlicz space Ljs which consists of all measurable
functions z for which the (Luxemburg) norm

1
llzllz,, = inf {k: k > o,/0 Mz(s)/k]ds < 1}

is finite. Here M: R — R is a given Young function [13, 21]; the special choice
M(u) = |ulP gives, of course, again the Lebesgue space L.

All definitions and results about Banach lattices and r.i. spaces mentioned
above may be found, together with numerous examples, in the monographs [3,
14, 15).

Before stating our first theorem we have to prove some auxiliary results.

LEMMA 1: Let a;; (i,j = 1,2,...) be a symmetric bounded non-negative
sequence with a; = 0, and let ¢ > 0. Then there exists a strictly increasing
sequence {k;} in N such that

Sup Qg ,k; < inf Oy bz T E-
i,j€EN i€EN
Proof: Put
v= inf sup ay.

AEY, der
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We can find a set I; C N, |I;| = oo, for which

€
YL sup a5 <Y+ 5
ijen 2
Then, for every J C I, |J| = oo, we have
€
(5) y< sup a; <+
ijeJ 2
Choose a pair ki, ks € I; such that k; < kg and
€ €
0 '2' <Qk1,k2 <’Y+§

Applying (5) to the set I, = I}\{ki1, k2}, we find k4 > k3 > ko such that
€ €
Y- 2 < Oy kg <’y+§.
Continuing this way, we obtain a strictly increasing sequence {k;} such that
€
2

£

<Oy kg, <Y T 2

’y —
for every 7 € N. Consequently,
£ .
Sup ag, k, < Sup a;; <7y + 5 <inf @k, ky €
i,jeN ijeh 2 ieN
as claimed. ]

Consider the Walsh matrices

Wn—l Wn—l
Wo= (1), W,= (n=1,2,...).
Woar —Wia

LEMMA 2: Forn € N, let {yx} (k = 1,2,...,2") be a sequence of disjointly
supported elements of a Banach lattice E, and put

211.
=Yy waye  (=12,...,27),
k=1

where {w;} = W,. If E does not contain ¢y, then the set B, = {z,...,23}
satisfies
TE(Br) = |lyz + ya + -+ + yan||.

Proof: Fori=1,2,...,2" we have ||z; —y1|| = |lya + y3 + - - + y2n||, hence

rE(Bn) <lly2 +y3 + - + yau||.
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Suppose that
TE(Bn) <|ly2 +yz + -+ yon||.
Then there exists z € E such that

l|2: — 2|| < |lyz +y3 + -+ you||

for i = 1,2,...,2". Let P, denote the band projection (see Section 1.b of [15])
corresponding to y; (1 = 1,2,...,2"). Since Pyz; = yy for i = 1,2,...,2", we
may suppose that Pyz = y;. It is clear that ||w;1 P; + - - - + w;2n Pon|| = 1, hence

2ﬂ
ll2; — 2| = Z WikYk — 2 <Z wszk> <Z WikYk — z) )
k=1 k=1
2n 2"
Sy — D wiPrz
k=2 k=2

fori=1,2,...,2". From

2* "

) IIEES DR P

i=1 k=2
we conclude that

NS =S (S w5 ware)|
k=2 i=1 \k=2 k=2
E > Yk — szkpkz =2 llz—all <2™ || 3wk
=1 |[k=2 k= i=1 k=2

This contradiction proves our assertion. |

We remark that a somewhat weaker form of Lemma 2 was proved in [23].
Let E be a Banach lattice. Following B. Maurey [17], for n € N we set

Vo(E) = inf{” zn:m,-
i=1

Maurey has proved that either V,,(E) = 1 for each n or

sl =1; ziAz; =0 forz';éj}.

) Jim V,(E) = o0

It is known (see Propositions 1.£.7 and 1.£.12 of [15]) that (6) is equivalent to the
g-concavity of E for some ¢ < oo; this is in turn equivalent to the fact that E
satisfies a lower g-estimate for some ¢ < co. We also set

hm Y Van (E) = Q(E).
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Note that always 1 < Q(E) < 2

THEOREM 1: Suppose that E is a Banach lattice which does not contain a sub-
space isomorphic to ¢g. Then for any infinite sequence B = {b;} of disjointly
supported elements of E we have

™ re(B) > Tm [[ball

If {y;} is a sequence of normalized disjointly supported elements of E one has

®) JB) 2 Tm |3 u

Moreover, if {z;} is a sequence of normalized disjointly supported elements of E,
then for each n there exists an I, C N with |I,| = 2" such that

(9) ) > 2 lim “ Z J:JH_l/n.

n—+oco

Finally, we have in fact J(E) > /2.

Proof: Assume that rg(B) = r < k = lim|[b,]]. For 0 < ¢ < (k — r}/2 there
exists ¢, such that ||b, — cc|| < k — 2¢ for all » € N. Since E does not contain cg,
there exists a band projection of ¢, on b, which we denote by z,. We have then

1bnll < {lbn — 2zall + l|2all < [|bn — cell + llzall <k~ 2¢ + |[2ql],

L.e. ||zn|| > ||bn||—k+2e. Choose a subsequence {n;} in N such that ||b,,|| > k—e,
hence ||z, || > € for j € N. Then we have

=z 1
o
|3 el < e
§=1"1""

for every m € N, which means that the sequence ||z, || ™" zn, is equivalent to the
standard basis of ¢g. This contradiction proves (7).

Let us now prove (8). First of all, we claim that J(E) > 1. In fact, if J(E) =
then F is a P; space which implies that it is isometric to C(K) with K being
some extremely disconnected set. Because F is infinite dimensional, this implies
that FE contains cg, contradicting our hypothesis. Thus, we have proved that
J(E) > 1.

To prove (8), we use the notation of Lemma 2. Since

#e:1<k<2" wy=wi} =#{k: 1 <k <2" wip = ~wj} = 2"}
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for every choice of 4,7 € {1,2,...,2"} with 7 # j, we have

() = 2max {| | s =21,
kel

where the maximum runs over all index sets I C {1,2,...,2"} with precisely
2"~1 elements. By Lemma 2, we may choose such an index set I,, with

szzu<1+m y<1+4 = J( )dE(Bn)§1+J(E)||Zyk”.
kel,

Iterating this inequality we get

W |Sw
=1

which implies (8).
Finally, to prove (9) fix € > 0 and set Ay = {z,}. Applying Lemma 1 to the
sequence a;; = ||z; — ;|| we see that there exists a subsequence A; = {uS}’} of

Ap, where u,(l) = msll) with the property that

n—1

gy - 2B =1 2J7(E)

JE) -1 - J(E) 1

de(41) < inf|leg,_, — 25| + ¢ = inf W]} +e,

where o) = w&) 1 z&) Putting By = {v,(ll)}, we find a subsequence A; =

{usl )} of By with the property that
dp(4s) < inf|ugy)_; —uly ||+ = inf o] + ¢

where v = ugl) 1 ugi) For general s € N we construct A; = {u(s)} and

= {vn )} in the same way and obtain
dp(As) < inf [[old)]| +e.
Now, the inclusion A,;; C B, implies that
inf o)) < inf Jlul Il < Bm [Vl < re(Aen);

therefore we have dg(A;) < rg(Ast+1) + € and, since rg(K) <
any bounded K C E,

s < (1Y s v 3 (1)

k=0

3J(E)dp(K) for
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In the last term we can make € tend to zero, while in the other term the diameter
dg(An+1) can be expressed in the form

dg(Ant1) = sup H Z%’H,
jeI
where the supremum is taken over all index sets 7 with 27 elements. From this
we easily deduce (9).

To prove the last assertion, we can take ||z;|] = 1in (9) and use the set I = (™)
with || = 2™ also in (8). Then we choose a subsequence {n;} such that

— /n n

Bl E s =] " =em
jEIm jertny

Thus, J(E) > max{Q'(E),2/Q'(E)} > v/2 as claimed. |

We point out that the estimate J(E) > /2 obtained above is not a consequence
of Dvoretsky’s theorem and the known equality

J(I2) = sup J(I3) = V2,

because in the definition of rg(A) the infimum is taken over E, not A. Indeed, it
is not true that J(F) < J(E) if F is a subspace of E. For example, J(l,) = 1,
but J(cg) = 2. Finally, the example J(Ly) = 1 shows that the assumption that
E does not contain ¢y cannot be dropped in Theorem 1.

COROLLARY 1: If E satisfies a lower g-estimate (1 < q¢ < oo} then
(11) J(E) > 219,

If E does not contain a subspace isomorphic to ¢y and satisfies an upper
p-estimate (1 < p < co) then

(12) J(E) > 2t~V/p,
Finally, suppose that there exists a sequence of disjointly supported normalized

elements of E which is equivalent to the unit vectors of l;. Then the lower
estimate

(13) J(E) > max {2/¢ 2'/9}
holds.

We point out that the estimates (11) and (12) are sharp because they turn into
equalities for L,-spaces. Note that the inequality (13) means, in particular, that
J(E) = J(lg)-
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We also remark that the assumption on upper p-estimates and lower
g-estimates in Corollary 1 {and in similar statements which follow) may be
weakened. For instance, one may replace the constant C in (1) by (logn)* for
some s > 0, and the constant ¢ in (2) by (logn)~* for some ¢ > 0.

Corollary 1 may be applied to compute Jo(L, 4} as we shall show now.

THEOREM 2: Let 1 < p < 00 and 1 < g < co. Then the equality
(14) Jo(Lpg) = max{21/? 21/¥ 214 91/d}

holds.

Proof: 1t is well known that L, , satisfies a lower s-estimate with s = max {p, q}.
The sequence of functions 2k/pX(2—k’2—k+1)(t) (k =1,2,...) generates in L, a
subspace which is isomorphic to l,. For ¢ < p, this statement is contained in [9];
however, it is true also for p < ¢ < oo, and the proof is similar. From Corollary
1 we conclude that

Jo(Lp,q) > max {21/9,21/7}.

On the other hand, in [23] it has been proved that
max {2177, 217} < Jo(Ly.q) < max {2177, 21/7' 9l/a 9l/4'},

Combining these inequalities we arrive at (14). |

Suppose now that E is a p-convex and g-concave r.i. space. It is clear that
this does not yet imply a nontrivial upper estimate for the Jung constant J{E).
However, the constant Jo(F) may then be computed explicitly, as we shall show
now. To this end, let

p(E) =sup{p:1<p<oo, Eis a p-convex lattice}
and
g(E) =inf{q: 1< q < oo, E is a g-concave lattice}.

By Theorem 1.£.7 of [15], p(E) coincides with the supremum of all p such that £
satisfies an upper p-estimate, and q(E) coincides with the infimum of all g such
that E satisfies a lower g-estimate.

THEOREM 3: Suppose that E is a r.i. space which does not contain a subspace
isomorphic to cg. Then the equality

(15) Jo(E) = max {2V/P(B) 91/4'(E)}
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holds.

Proof: Since the estimate Jo(F) < 2 is trivial, we may assume in the first part
of the proof that F is p-convex for some p > 1 and g-concave for some ¢ < oc.
Put § = 2 min {1/p’,1/q}. By Pisier’s theorem [20], there exists a Banach lattice
F such that the spaces F and [F, La]g coincide up to equivalence. (Spaces E with
this property are called #-Hilbert spaces.) The construction of F' given in [20)
shows that F is a r.i. space, and hence [F, L] is r.i., too. Applying the results
of [23] we get the estimate

J([F, Lyp) < 2'7972.
Consequently, Jo(E) < max {2!/7,21/9'}, and thus

Jo(E) < inf{max{?l/p,Ql/q’}: 1<p<p(E), q(E) < q< oo}
= max{2!/7(®) 2V/d(E)},

Let us now prove the inverse inequality. Given r > p(E), we may find an

increasing sequence of integers {n;} and a sequence of disjointly supported
normalized elements z;; € E (j =1,2,...;¢=1,2,...,n;) such that

(16) llzsn + 22+ + zim 207 (G=1,2,...).

To see this, assume the contrary. Then the estimate
(7) | S <
i€l

is true for every finite index set I C N and every sequence of disjointly supported
normalized elements z; € E. Consider the Lorentz sequence space [,.; endowed
with the norm

lall,., = ll(a1, a2, iy, = Y ak(K/™ = (k= 1)/7),
k=1

where {a}} denotes the decreasing rearrangement of the sequence {|ax|}. By
Theorem 2.5.2 of [14], the estimate (17) implies that the operator T defined by

x

To = Z ARk

k=1

is bounded from [, into E with ||T|| < 1. Now, from Hélder’s inequality it
follows that I.1 D I; for s < r. Choosing, in particular, p(E) < s < r, we
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conclude that the operator T is also bounded from [, into E. But this means
that E in fact satisfies an upper s-estimate, contradicting the maximality of p(E).
This contradiction shows that (16) is true.

For every j € N there exists an m; € N such that 2™/ < n; < 2™*!. Without
loss of generality we may assume that

2™
|3z
i=1

Using (10) and the estimate J(E) > /2 we get

1 1/r m;/r—1

1/m]'
(18) J(E)> lim lim <ﬁ4_ lzmj/r> = ol/p(E)

~ rop(E) jo0

In this way, we have established the lower estimate Jy(E) > 21/p(E)

Let us prove the second part of the estimate. Given r < g(F), we claim that
we can find an increasing sequence of integers n; and a sequence of disjointly
supported normalized elements y;; € E (j =1,2,...; 1= 1,2,...,n;) such that

(19) | > v
i=1
In fact, if this were false we would have

[5e] =
(134

for every finite index set I C N and every sequence of disjointly supported

1 .
Snj/r (1=1,2,...).

normalized elements z; € E. By Theorem 2.5.7 of [14], this implies that, for
every finite real sequence a = (ay, az, .. .),

o0
u > i
=1

Since I, oo C Is for s > r we further obtain

oo
|3 e
i=1

where c(r, s) is the corresponding imbedding constant. Choosing, in particular,

> |lally,.. = sup [V Jail
ICN i€l

> c(r s)llallz,

r < s < q(F), we conclude that E in fact satisfies a lower s-estimate, contradict-
ing the minimality of g(F). This contradiction shows that (19) is true.
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Now, taking m; with 2™ < n; < 2™+1 we have

2™
|2
i=1

Combining this with (9) we get

>
%lzzzHZywi

hence Jo(E) > 21/9' () which proves (15). |

< olmy+1)/r

—1/m, > 2 lim (2_(mj+1)/r) 1/m, _ 21_1/T7

o

It is well known (see e.g. Proposition 1.d.4 of [15]) that the notions of convexity
and concavity are dual to each other. This leads to the following

COROLLARY 2: Let E be a reflexive r.i. space. Then the equality
(20) Jo(E) = Jo(E")

holds.

We point out that, in general, the numbers Jo(E) and Jy(E*) may be different;
for example, Jo(L1) = 2, but Jo(Le) = 1. However, according to the best of our
knowledge this is the only example where the equality (20) fails.

Let FE be ar.i. space and r > 1. The space E(r) endowed with the norm

ril/r

el = IHal” I

is called the r-convexification of E (see e.g. §1.d of [15]). It is easy to check
that p(E(r)) = rp(E) and ¢(E(r)) = rq(E). This simple observation allows us
to derive from Theorem 3 the following

COROLLARY 3: Suppose that E does not contain a subspace isomorphic to cg,
and let v > 1. Then the equality

Jo(E(r)) = max {2}/m2(E) 91-1/ra(E)}

holds. In particular, Jo(E(r)) < 2 if E is gq-concave for some q < 0.

As mentioned above, the lower estimate Jy(E) > v/2 holds for every r.i. space
E # L. Moreover, in [23] it was proved that, among all r.i. spaces E satisfying
a lower g-estimate for some ¢ < oo, the space Ls is the only space for which
J(E) = /2. However, this is not true if we replace the constant J(E) by the
constant Jy(E).
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For example, let E = Ly, be the Orlicz space generated by the Young function
M (u) = u?[log(1+|ul)]* for some A > 0. Of course, Ly, = L3, and Ly, # L,
for X # p. A straightforward calculation shows that p(La, ) = ¢(La,) = 2 for
every A > 0, hence Jo(Lp, ) = V2.

To illustrate the above results, we give some further examples. First, we point
out that it is impossible to obtain a nontrivial upper estimate for the constants
J(E) and Jo(E) in the class of reflexive r.i. spaces. To see this, consider the
space F' of all measurable functions for which the norm

ol = ( / 1 m*(tﬂ@a—l—y)m

is finite. By construction, F is the 2-convexification of the Lorentz space E
defined by the norm

! dt
= () ————.
[E41P> /0 z*( )t(log% +1)2

By [16], F is reflexive. Since

1
li lIx@2nller _ . log(+ +1) B
1m = lim =1,
70 ||X(0,T)||F =0 log(% N 1)

from what has been proved in [23] we conclude that Jo(F) = J(F) = 2.
However, if we study the problem of finding nontrivial upper estimates within
the class of Orlicz spaces, Theorem 3 gives the following

COROLLARY 4: If Ly is a reflexive Orlicz space, then Jo(Lps) < 2.

In fact, Proposition 2.b.5 of [15] implies that p(La) > 1 and g(Ly) < oo.
Applying Theorem 3 above the assertion follows.

Recall that the reflexivity of an Orlicz space Ly is equivalent to the fact that
both the Young function M and its conjugate Young function M* (see e.g. [13,
21]) satisfy a Ap-estimate.

Observe that the constant Jy(Lyas) in Corollary 4 must not be replaced by
the Jung constant J(Lzs). For example, choose M(u) = max {2|u},4?} and

A = {ry,rq,73,...}, where r,(t) = sign sin2"nt are the Rademacher functions.
Then

TLum (A) =dg, (A) = Il’rIHLM =2,

hence J(Lps) = 2. On the other hand, Jo(M) = V2, because Ly = L, up to
equivalence. We mention the article [5], where a similar problem was studied.
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Here is yet another example. Let 1 < p < ¢ < 00, and consider the space FE =
L, N Ly over (0,00) equipped with the norm ||z||z,nL, = max {||z]|L,, [|z|L,}-
It is clear that L, N L, is a p-convex and g-concave Banach lattice. Since the
finiteness of the underlying measure is not essential in Theorem 3, we arrive at
the following

COROLLARY 5: Let 1 < p < q < oo. Then the equality
(21) Jo(Lp N L) = max {21/7, 21/}
holds.

Let us return to Theorem 2 which provides an explicit formula for Jo(L, q) in
case 1 < p < oo and 1 < g < oo. Unfortunately, neither Corollary 1 nor Theorem
3 applies to the case ¢ = oo, since the space L, o, contains a subspace isomorphic
to ¢g. In the next theorem, however, we give a partial result in this direction.

THEOREM 4: Let 1 < p < oo, and let A = {z1,9,...}, where z; is a disjointly
supported sequence of functions in Ly, oo. Then there exists a constant ¢ € (%, 1)
depending only on p such that

TLy.oo (A) < cdr, ., (A).

Proof: Without loss of generality we may assume that the supports of z; are
disjoint intervals (a;, b;), z; is a decreasing positive function on (a;, ;), and

(22) dr, . (4) <1
For1=1,2,..., we put

- min{z;(t), (2(t —a;))~?} if te€ (ai,bi),
z 0 if t¢(asbi),

and v; = z; — u;. Given 7 > 0, the set of all ¢ € N for which
(23) mes {t: x;(t) > 7} > 37
contains at most one element. Indeed, if (23) is valid for k,l € N, k # [, then

lzx — 2L, . > T(mes {t: zx(t) > 7} + mes{t: z(t) > T})_p > 1,

p, o0 —

contradicting our assumption (22). We conclude that, for fixed ¢ > 0, the set
{i: x}(t) > (2t)"1/P} contains at most one element. Therefore, the two functions

v(t) = Zvi(t), 'w(t) = flel]g ma,x{x:(t) - (2t)_1/p,0}
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are equimeasurable. Since z}(f) < t~1P forevery t > 0and i =1,2,..., we have
v*(t) < (1 —27Y/P)t=1/P, For every j € N, the functions 9;(t) = v(t) — v;(t) and
u;(t) are disjointly supported. Consequently,

mes {t : 0;(t) +u;(t) > 7} < (1 - 9-1/pyp 4 L7
for each 7 > 0. This means that

b - 1
105 + ujllL, . < ((1 — o Uy 4 %) /p’

p,00 —

hence ||z; — vl|z, o = 195 + u;liL, ., < cfor every j € N, where

P00 —

c=clp) = ((1-27 7y + )77,

It is evident that 1 < c(p) < 1 for every p € (1,00), and thus everything is
proved. |
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